Abstract. In this paper, we extend a type of Strassen's theorem for the existence of probability measures with given marginals to positive vector measures with values in the dual of a barreled locally convex space which has certain order conditions. In this process of the extension we also give some useful properties for vector measures with values in dual spaces.
Introduction
In a celebrated paper, Strassen [21] gave a necessary and sufficient condition for the existence of probability measures with given marginals. His theorem has been extended by many authors in more general settings (cf. Dudley [3] , Edwards [5] , Hoffmann-Jørgensen [6] , Shortt [18] , Skala [19] and so on). The first attempt to extend it to vector measures has been made by März and Shortt [13] and Hirshberg and Shortt [7] , and they treat vector measures with values in the positive cone of a Banach lattice of a certain type: the so-called KB-spaces.
In this paper, we extend a type of Strassen's theorem (see, e.g., Theorem 5.2 of [5] and Theorem 1 of [19] ) for probability measures to positive vector measures with values in the weak dual of a barreled locally convex space which has certain order conditions (see Section 3 for the precise statement of the order conditions and examples). In this process of the extension we first establish a compactness criterion for a set of vector measures with respect to the topology which is a natural analogy of the usual weak topology of real measures, and then we give the extension (Theorem 1) as its application.
In this paper, all the topological spaces and topological vector spaces are Hausdorff, and the scalar fields of topological vector spaces are taken to be the field R of real numbers. 
Fact 1. µ ∈ M t (S;
and if X is semi-reflexive, that is, (X * β ) * = X, then they coincide with M t (S; X * β ), since in this case the Mackey topology is equal to the strong topology on X * (see, e.g., [9, 20.1] ). Consequently, whenever we assume that X is semi-reflexive, it is not necessary to distinguish the specific topologies σ(X * , X), τ (X * , X) and β(X * , X) concerning the σ-additivity and the Radonness of vector measures with values in X * .
The same is true of the uniform boundedness of vector measures: In this case we assume that X is barreled. Since every σ(X * , X)-bounded subset of X * is β(X * , X)-bounded, the following is readily proved:
Fact 2. The properties being uniformly bounded for σ(X * , X), τ (X * , X), and β(X * , X) are equivalent for any subset V of M t (S; X * σ ), and this is the case that x(V) ≡ {xµ : µ ∈ V} is uniformly bounded for each x ∈ X, i.e., sup µ∈V |xµ|(S) < ∞ for each x ∈ X. Further, the principle of uniform boundedness (see Corollary of III.4.2 of [16] ) ensures that the set x(V) is uniformly bounded if and only if sup µ∈V S f d(xµ) < ∞ for each bounded, continuous real valued function f on S.
In this paper, we need an integral of real valued measurable functions with respect to vector measures with values in locally convex spaces. In the following, we equip M t (S; X * ξ ) with the topology determined by this weak convergence and call it the weak topology of vector measures for ξ. This topology is a natural analogy of that defined by Dekiert [1] for vector measures with values in Banach spaces, and extends the usual weak topology of real measures (cf. Prokhorov [15] , LeCam [11] , Varadarajan [24] , and Topsøe [22] ).
Main result
In this section, we state the main result of this paper and will prove it in the following section. We recall that a vector space X with a partial ordering ≤ is an ordered vector space if (1) x ≤ y implies x + z ≤ y + z for all x, y, z ∈ X; (2) x ≤ y implies cx ≤ cy for all x, y ∈ X and c > 0. A Riesz space is defined to be an ordered vector space such that every pair of elements x, y of X has a supremum x ∨ y and an infimum x ∧ y. An element x ∈ X is said to be positive if x ≥ 0. We say that an ordered vector space is of type (R) if for each x ∈ X, we can find two positive elements x + and x − of X with x = x + −x − . Riesz spaces are of type (R). See Example 3 in the end of this section for other ordered vector spaces of type (R). We refer the reader to the books of Schaefer [16] and Kelley and Namioka [9] for further information on ordered vector spaces and Riesz spaces.
An element x * ∈ X * is said to be positive if x, x * ≥ 0 for any positive element x ∈ X. We say that a vector measure µ ∈ M t (S; X * σ ) is positive if µ(E) is a positive element in X * for any E ∈ B(S). Then it is easy to prove that µ ∈ M t (S; 
T (B)) for all A ∈ B(S) and B ∈ B(T ).
The following theorem, which is the main result in this paper, extends a type of Strassen's theorem to positive vector measures with values in the weak dual of a barreled locally convex space which is an ordered vector space of type (R).
Theorem 1 (cf. [5] , [19] 
is necessary and sufficient that for every {f
Remark 2. When X is reflexive, the existing measure γ ∈ Γ in Theorem 1 is countably additive and Radon for the strong topology β(X * , X) since in this case (e) Let S be a locally compact Hausdorff space. Denote by C 00 (S) the space of all real continuous functions on S with compact support. For any fixed compact subset K of S, denote by C K the Banach space of functions in C 00 (S) that are supported by K, with the uniform norm. We endow C 00 (S) with the inductive topology generated by the family of Banach spaces C K . Then C 00 (S) is a barreled locally convex space which is a Riesz space, and the dual C 00 (S)
* is the space of all real Radon measures on S (see [16, pp.57-58] ).
(f) Let R ∞ be the Fréchet-Montel space of all real sequences with the topology of simple convergence. Let R ∞ 0 be the Montel space of all real sequences which have only a finite number of non-zero coordinates with the topology of uniform convergence on compact sets. We endow those spaces with the canonical coordinatewise order. Then they are Riesz spaces and we have that (
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use (g) Let Λ(P ) be the Köthe sequence space with a Köthe set P . Then it is a Fréchet space, provided that P is countable, and a Riesz space under the canonical coordinatewise order (see Jarchow [8, pages 27, 50, 69 and 497] for definition and properties). Especially, the Fréchet-Montel space (s) of all rapidly decreasing sequences is a Riesz space and the dual (s)
* is the space of all slowly increasing sequences.
(2) We present here some examples which are not Riesz spaces but of type (R). Let H be a real Hilbert space with the inner product (·, ·). Denote by L s (H) and C s (H) the Banach spaces of all bounded self-adjoint operators on H and of all completely continuous self-adjoint operators on H with the usual operator norm. We also denote by T s (H) and S s (H) the Banach space of all trace class self-adjoint operators on H with the trace norm and the Hilbert space of all Hilbert-Schmidt class self-adjoint operators on H with the Hilbert-Schmidt norm. We endow those spaces with the order defined by the relation " 
Proof of Theorem 1
We need several results, which seem to be of interest by themselves, to prove Theorem 1. Let S be a completely regular space, X a locally convex space, and µ ∈ M t (S; X * σ ). Then we can define a continuous linear operator
which is called the operator determined by µ. The following proposition, which may be known, insists that every continuous linear operator, satisfying some tightness condition, from C(S) into the weak dual X * σ of a barreled locally convex space X can be determined by a vector measure µ ∈ M t (S; X * σ ). Proposition 4 (cf. [4] , [12] , [20] ). Let S be a completely regular space and X a barreled locally convex space. Assume that a continuous linear operator T : C(S) → X * σ satisfies the following tightness condition ( * ): For each ε > 0 and x ∈ X, there exists a compact subset
Then, there exists a unique vector measure µ ∈ M t (S; X * σ ) such that
Proof. Let T : C(S) → X * σ be a continuous linear operator satisfying the condition ( * ). We note that the bidual of X * σ is equal to X * since X is barreled. Then, by [9, 21.8] , the second adjoint T * * : C(S) * * → X * exists and it is an extension of T . Fix x ∈ X for a moment. By ( * ), for each ε > 0, there exists a compact subset
by Theorem 2 of [20] we can find a real Radon measure m x ∈ M t (S) such that
* is the natural embedding defined by
Since f ∈ C(S) and x ∈ X are arbitrary, it follows from (4.1) that
Fix E ∈ B(S) and put
* is an isometric isomorphism, it is easy to see that ϕ E is a bounded linear functional on the linear subspace θ(M t (S)) of C(S) * . Therefore, by the Hahn-Banach theorem, there exists an extensionφ E ∈ C(S) * * of ϕ E . Define the set function µ :
for all E ∈ B(S). Then it is well-defined, i.e., ifφ E is another extension of ϕ E , then we have
, and hence
holds for all x ∈ X, and this implies that T * * (φ E ) = T * * (φ E ). In the following, we shall show that µ ∈ M t (S; X * σ ) and T can be determined by µ. By (4.2), (4.3) and (4.4), for each x ∈ X and E ∈ B(S), we have
and this implies that
for all x ∈ X. Since m x ∈ M t (S), we have µ ∈ M t (S; X * σ ) by Fact 1. Since X is barreled, X * σ is quasi-complete, and so it is sequentially complete. Hence, by Fact 3 every bounded, Borel measurable, real valued function on S is integrable with respect to µ. Consequently, by (4.1) and (4.5) we have
for all x ∈ X and f ∈ C(S), and this implies that T is determined by µ. Finally, the proof of the uniqueness of µ is easy.
A net {µ α } in M t (S; X * ξ ) is said to be compact for ξ if every subnet of {µ α } has a subnet converging weakly for ξ. We also say that a net {m α } in M t (S) is compact if every subnet of {m α } has a subnet which converges in the usual weak convergence of real measures. The following gives a general compactness criterion for a set of vector measures with values in the dual space. Proof. For each α, we define a continuous linear operator for all x ∈ X and f ∈ C(S).
Denote by L(C(S), X
We now show that T satisfies tightness condition ( * ) of Proposition 4. Fix ε > 0 and x ∈ X. By (4.6), we have 
